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Symmetry-adapted perturbation theory has been applied to compute the interaction-induced 
polarizability for the helium diatom. The computed polarizability invariants have been analytically 
fitted, and used in quantum-dynamical calculations of the binary collision-induced Raman spectra. 
The predicted intensities of the depolarized spectrum are in good agreement with the experimental 
data [M.H. Proffitt et al., Can. J. Phys. 59, 1459 (1981)]. The computed polarized spectrum shows 
agreement with the experiment within the large experimental uncertainties. The calculated trace 
polarizability was also checked by comparison of computed second dielectric virial coefficients with 
the experimental data. The ab initio dielectric virial coefficients, including first and second quantum 
corrections, agree well with the experimental data from indirect measurements. © 1996 American 
Institute o f  Physics. [S0021-9606(96)03016-2]
I. INTRODUCTION
Interactions between colliding atoms in gases or fluids 
lead to distortions of their charge distributions, so that a col- 
lisional pair of atoms possesses a polarizability in excess of 
[he sum of polarizabilities of the isolated atoms. This excess 
polarizability, referred to as the interaction-induced or 
collision-induced polarizability is defined as the incremental 
part of the diatom polarizability tensor due to interatomic 
interactions, i.e., as the difference between the diatom polar­
izability tensor and the sum of polarizabilities of the nonin­
teracting atoms.
The interaction-induced pair polarizabilities are respon­
sible for a wide range of dielectric, refractive, and optical 
properties of gases and fluids. 1,2 Levine and Birnbaum3 pre­
dicted that all Raman spectra of gases should have a compo­
nent due to collision-induced changes in the polarizabilities, 
and it was first demonstrated by McTague and Birnbaum4 
that free argon atoms in a collisional encounter undergo tran­
sitions between translational states when interacting with 
photons. At very low densities the light scattering leads to 
the well-known Rayleigh-Brillouin process. At higher den­
sities nearly exponential Stokes and anti-Stokes wings ap­
pear, with intensities proportional to the square of the gas 
d e n s i ty .4,5 These components of the Raman spectra of gases 
( r e fe r r e d  to as translational Raman effect) are due to the 
collision-induced light scattering, i.e., to the interaction- 
in d u c e d  fluctuations of the polarizabilities of atoms and mol­
ecules .  In particular, in atomic fluids the anisotropy of the 
polarizability tensor will give rise to the depolarized  Raman 
sp e c t r u m ,  while the small trace polarizability will lead to the 
Polarized Raman spectrum. Since the early work on argon, 
the collision-induced light scattering has been experimen­
tally studied in several optically isotropic systems (see Refs. 
6 - 8  for reviews).
Besides giving rise to the collision-induced light scatter­
ing, the interaction-induced polarizability invariants also af­
fect the dielectric and refractive properties of gases. The 
trace polarizability determines the second virial coefficient of 
the dielectric Clausius-Mosotti function, while the square of 
the anisotropy of the interaction-induced polarizability tensor 
is related to the Kerr constant of gases and to the pressure- 
dependent depolarization ratio. At present, the second dielec­
tric virial coefficients and Kerr constants are available for 
various atomic and molecular systems (see Refs. 9 and 10 for 
reviews of the experimental data).
The collision-induced polarizability of the He diatom 
has been investigated using various experimental techniques. 
Several studies of the collision-induced light scattering in 
helium have been reported in the literature. 11-19 Most of 
these measurements were done at high densities, 11-14 so the 
reported Raman intensities were affected by three-body con­
tributions, and pure pair spectra had to be separated out14 by 
applying some simplified models. Only the polarized and 
depolarized Raman spectra for the 3He and 4He gases re­
ported by Proffitt, Keto, and Frommhold18,19 were shown to 
be free from three-body contributions, i.e., the recorded Ra­
man intensities showed the correct quadratic dependence on 
the gas density. Also the refractivity and second dielectric 
virial coefficients at various temperatures,20-30 as well as the 
depolarization ratio31 of the He gas have been reported.
Because of the small number of electrons involved, the 
interaction-induced polarizability of He2 has been object of 
many ab initio studies.32-39 Most of these studies33-37 were 
done at the Hartree-Fock level of theory, neglecting impor­
tant inter- and intra-atomic correlation effects. To our knowl­
edge, the only correlated results for the collision-induced po-
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larizability of He2 were reported by Dacre.38,39 These II. OUTLINE OF SAPT CALCULATIONS 
calculations were done using the configuration interaction
method restricted to single and double excitations (CISD) 
and medium-size s p d  basis sets. In addition, also the long- 
range coefficients have been computed40-42 for this system at 
various levels of approximation.
The quantum-mechanical theory43-4'^ of the collision- 
induced Raman spectra is now well established, and a priori 
calculations of the Raman intensities are feasible, once the 
pair interaction potential and the interaction-induced polariz­
ability are available. Various ab initio polarizability data for 
He2 have been used to compute the collision-induced Raman 
spectra of the He diatom for comparison with experiment19,46 
(see also Ref. 6 for a review of these results). In an extensive 
theoretical study Dacre and Frommhold46 have checked the 
accuracy of the ab initio CISD trace and anisotropy polariz­
abilities of He2 (Ref. 39) by exposing them to the test of 
computing the observed Raman intensities. While the depo­
larized spectra computed from Dacre’s polarizability39 
showed good agreement with the experiment for both iso­
topes of helium, the theoretical polarized spectrum was much 
less intense than the spectrum derived from the experiment.46
The reasons for the less satisfactory agreement between 
the theoretical and experimental polarized Raman spectra 
may be both on the theoretical and on the experimental sides. 
The experimental polarized spectrum is obtained as the dif­
ference of two nearly equal signals excited with different 
beam polarizations, 18,19 and the accuracy of the polarized 
intensities deduced from the experiment may be poor. On the 
other hand, the theoretical values of the interaction-induced 
trace may suffer from approximate corrections for the size 
inconsistency of the CISD method, the basis set superposi­
tion error, or basis set incompleteness. Finally, the computed 
polarized spectra showed46 a rather strong dependence on the 
interatomic potential. The potentials used in the calculations 
of Ref. 46 differ from the best empirical potentials available 
at present.47,48 Thus, an attempt to refine the accuracy of the 
ab initio polarizability invariants of He2 and to check these 
by computing the Raman spectra is now in order.
We have shown49 that the interaction-induced properties 
of collisional complexes can be accurately computed using 
the many-body formulation'''0-56 of the symmetry-adapted 
perturbation theory (SAPT)57-60 (see Ref. 61 for a recent 
review of SAPT). In the present paper we report SAPT cal­
culations of the interaction-induced polarizability for the He 
diatom, and dynamical calculations of the polarized and de­
polarized Raman intensities. We also check the ab initio 
collision-induced polarizability by computation of the sec­
ond dielectric virial coefficient, and comparison with the 
available experimental data. The plan of this paper is as fol­
lows. In Sec. II the SAPT calculations are briefly described, 
and the analytical fits to the computed points are presented. 
The formalism used in dynamical calculations is outlined in
A. Method and definitions
The interaction-induced polarizability A a of a pair of 
atoms A and B is defined as the excess polarizability of the 
collisional pair AB due to intermolecular interactions, i.e.,
A OL: : — af:B ( a i + f f f )  Sjj ,'j û o (D
where a f  B is a component of the dimer polarizability tensor,
A  D
and #o anc* denote polarizabilities of the isolated atoms 
A and B, respectively. Equation (1) can be conveniently re­
written as,
A a  ¡j =
d2E int
dF, dFj (2)F¡ = Fj — 0
where £ int is the interaction energy for the dimer AB in the 
presence of a static, uniform electric field F. Eq. (2) shows 
that the interaction-induced polarizability can be obtained 
from standard finite field calculations, if the field-dependent 
interaction energy can be computed. In the present paper we 
have utilized this possibility, i.e., we first performed calcula­
tions of the interaction energy in the static electric field using 
the symmetry-adapted perturbation theory, and subsequently 
obtained the interaction-induced polarizability components 
from finite difference formulas. Below we shortly summarize 
the SAPT ansatz for the field-dependent interaction energy 
£ int. The components of the interaction-induced polarizabil­
ity tensor A a ti have been obtained from the equation:
A a  a
£ im(F ,-) +  £ i n , ( - f , - ) - 2 £ in, ( 0 )
F2
+  0 ( F * ) ,  (3)
where the index i =  z or x  denotes the direction along the 
dimer axis, or perpendicular to this axis, respectively.
In the calculations of the interaction energy in the static 
electric field we follow the approach proposed and tested in 
our recent paper49 (see also Refs. 6 2 -6 7  for applications to 
the interaction energy calculations). The SAPT interaction 
energy is represented as a sum of components corresponding 
to the Hartree-Fock (¿sjjf) and correlated ( E c™) levels of 
the theory,
E • i —/  » _  r?HF -c o r rint Z7n r +  int ' ^  int (4)
The Hartree-Fock interaction energy can be decomposed
6 8 -7 1as
c , H F _  tt( 10) i r?{ 10) i 17(20) 4 . 7 7 ( 2 0 )  i i^zrHF
•^int ^ p o l  ^ e x c h  ^ in d . re s p  ^ e x c h - in d . r e s p  ^ ^ i n t  ’ (5)
where £p¡0) and are the electrostatic and exchange con­
tributions, respectively, with complete neglect of the intra-
atomic correlation effects,72 E \ $ resp and f^ch-ind.resp m  the 
Hartree-Fock induction and exchange-induction energies, 
respectively, accounting for the coupled-Hartree-Fock type 
response, i.e., for the perturbation-induced modification of
Sec. III. The results of SAPT and dynamical calculations are the Hartree-Fock potential,70,71 and collects higher-
order induction and exchange contributions.
At the correlated level, the SAPT interaction energy is
presented and discussed in Sec. IV. In Sec. V we report ab  
initio calculations of the second dielectric virial coefficient 
for He2 . Finally, in Sec. VI we present conclusions. represented by
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E\corr— J l )  , J  1 )int
i i J2) i 17(2) i 17(2)
^poi ^exch S n d  ^ d i s p  ^ e x c h - d i s p (6)
where is the dispersion energy, and , e {Jx]ch, and 
are the electron correlation contributions to the exact 
electrostatic (£pó¡), exchange (£exch)’ anc* induction
e n e r g i e s ,
d)
respectively, i.e.,
_ z 7 d )  _ r ( l ° )  * nr\ J 2 )  =
^exch exch ^ e x c h ’ a n a  ^ ind  ^ i n d
.0)= rr(D_ r(10) 
poi -^pol -^pol ’
— i^nd.resp • Each term on
the r.h.s. of Eq. (6 ) can be evaluated using many-body per­
turbation expansions with respect to the intra-atomic elec­
tronic correlation,
oc oc
C'i^ )
^  pol E  Cn = Q n = 0
(kn)  
exch » (7)
where and Ægxch are polarization and exchange cor­
rections of kth order in the intermolecular interaction and 
¡¡ih order in the intra-atomic correlation. In the present study
the contributions to E fn°trr were approximated as follows:
J D - 17(12)  i 17 ( 13)
fcpol ^ p o l . re sp  ^ p o l . r e s p (8)
.0) _  
exch £ ilä + £ < iä + A < i> h(CCSD),exch exch (9)
J2)_ ,(22) 
^ind ind » (10)
r-(2) _c-(20) , p(21) , r-(22)
^  disp ^ d i s p  ^ d i s p  ^ d i s p  »
17(2) _ Z7Í20)
^ e x c h - d i s p  ^ e x c h - d i s p *
( i l )
(12)
The electrostatic corrections £pó¡'resp are defined as in Ref. 
53. The first-order exchange components £gxch are defined as 
in Refs. 54 and 55, while A ^ h(CCSD) is the sum of higher- 
order terms (in the intra-atomic correlation) obtained by re­
placing the first and second-order cluster operators entering
the expression for £exch by the converged coupled-cluster 
singles and doubles (CCSD) operators.54 The dispersion 
components E ^  are derived in Ref. 52. The induction- 
correlation term represents the true correlation contri­
bution to the nonrelaxed E\ H] correction, as defined in Ref.
56. Finally, i^xch-disD *s so-called “ Hartree-Fock” 
exchange-dispersion energy.
The SAPT approach applied in the present paper is ex­
pected to give more accurate results for the interaction- 
ind uced  polarizability tensor of He2 than the CISD model 
used by Dacre.38,39 Unlike the CISD method, the perturba­
tion theory approach is size consistent, and all contributions 
to the  collision-induced trace and anisotropy vanish in the 
limit R —>00. Although Dacre’s calculations39 included ap­
p r o x i m a t e  corrections for the size-consistency error, it is not
B. Computational details
Calculations of the interaction-induced polarizability for 
the He dimer have been performed for ten interatomic dis­
tances R ranging from R =  3 bohr to R =  10 bohr. For the 
helium atom we used a [ 5 s 4 p 3 d 2 f \  basis. The s orbitals 
were represented by the (61111) contraction of Van 
Duijneveldt’s 10s set,74 and the exponents of the polarization 
functions were taken from Ref. 75. To check the basis set 
convergence, for R =  3, 4, and 5 bohr we performed addi­
tional calculations in two s p d f g  basis sets: [ 5 s 4 p 3 d 2 f \ g ]  
and [ 1 s 5 p 4 d 3 f  lg ] ,  and in a smaller [ 5 s 3 p 2 d ]  basis. The 
exponents of the polarization functions were again taken 
from Ref. 75. The spherical form of the polarization func­
tions has been used (5 d  functions and 7 ƒ  functions). In 
order to fully account for the charge-overlap effects all cal­
culations have been done using the full dimer basis set.
The calculations have been performed with the SAPT 
system of codes.76 In addition, full configuration interaction 
(FCI) results have been obtained from the program by77
Zarrabian et al. The components of the interaction-induced 
polarizability tensor have been obtained by numerical differ­
entiation of the field-dependent interaction energies, cf. Eq. 
(3). For both directions of the external electric field, its 
strength was equal to ±0.001 a.u.. In addition, long-range 
van der Waals coefficients corresponding to the multipole- 
expanded electrostatic, induction, and dispersion 
polarizabilities49 have been computed at the same level of 
theory and the same basis sets using the Polcor package.78,79 
These coefficients have been subsequently used in the ana­
lytical fits of the interaction-induced polarizabilities. We 
used the Boys-Bem ardi counterpoise correction to eliminate 
the basis set superposition error from the supermolecular 
Hartree-Fock calculations.80
As discussed in Ref. 46 the intensities of the collision- 
induced Raman spectra depend on the invariants of the 
interaction-induced polarizability tensor at the laser wave­
length \ .  Our SAPT calculations were done for k =  i.e., 
for the static case, and an extension of the SAPT theory to 
include the \  dependence would be very difficult. To inves­
tigate the importance of the wavelength dependence we have 
performed additional calculations using the supermolecule 
random phase approximation (RPA) and the second-order 
M óller-Plesset (MP2) approaches.78,79
C. Analytical fits
The intensities of the collision-induced Raman transi­
tions and the second dielectric virial coefficients depend on
priori obvious that the resulting polarizability components the invariants of the interaction-induced polarizability tensor, 
are correct. In SAPT calculations the components of the Therefore in what follows we will consider the anisotropy
ß  and the trace a , defined through the components of the>nteraction-induced polarizability tensor are obtained directly 
(not as a difference of large numbers), so they are free from 
basis set superposition errors plaguing correlated supermol- 
ecule calculations. Let us also mention that our approach 
accounts for the major part of the triple-excitation contribu- 
l|on to the dispersion term, while the Cl method restricted to 
Slngle and double excitations does not.
tensor by the equations:
ß  =  &  a z z ~  A  a x x  . (13)
a
1
3
{ \ a zz +  2 k a xx). (14)
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In SAPT calculations different physical contributions to 
the polarizability invariants exhibit different distance depen­
dence, and each contribution to the trace and anisotropy of 
the interaction-induced polarizability can be fitted separately.
W
Therefore, it is convenient to represent a  and ß  as
a d)poi (2) , A2)« - -  +  a ind +  a diSp + a exch
ß  =  ßpol+  ßind +  ßdl’p + ßexch ■
(15)
Here is the contribution to the trace due to electrostatic 
interactions (i.e., is obtained by differentiation of the field- 
dependent electrostatic energy £p¡j =  +  e^¡), and 
a (dfSp are contributions due to second-order induction and dis­
persion interactions, respectively, and <2 exch ls obtained by 
differentiation of the total exchange energy,
F  =  ^  -4-  A  ^  ) - I - 77( 20 ) i 17(20) i i j r H F  C j t - n i l o r
^ e x c h  ^  exch exch ‘^ 'exch-ind,resp ^ 'e x c h -d isp  int • ^irniiar
definitions hold for the contributions to ß .  One may note that 
each term on the r.h.s. of Eq. (15) has a well defined R 
dependence which is to a large extent determined by its mul­
tipole expansion (cf. Sec. Ill of our paper49). Therefore, we 
performed separate fits of the exchange, electrostatic, induc­
tion, and dispersion contributions to a  and ß .
It is well known that the exchange terms a exch and 
ßexch depend exponentially on /?, so we represented the ex­
change components by the functions,
a exchW ( ¿ ^ + ß<exchÄ)exP(
+ (C<“)h+D<“V?)exp( (16)
+ ( C ^ h+ ö i^ ) e x p (
where the parameters A ' “c'h, B ' “c'h, a ^ 'h, C ‘ and 
¿exch» anc  ^ similar parameters for /3exch were determined us­
ing the weighted least-square method with weights exponen­
tial in R.
The electrostatic contribution to ß  was represented by 
the damped multipole term and an exponential function rep­
resenting the short-range penetration terms due to the charge 
overlap,
( a ) (a )
n)e^xch / ’ 
(a)
(17)
(a)
/ ? $ ( * )  =  ( A $  +  Ä $ Ä )e x p ( ■- a $ R )
M ß )
(18)
where f n( R\ b )  is the damping function in the Tang- 
Toennies form ,81
n
f „ ( R ; b ) =  l - e x p ( w ? )2
k = 0
(bR)
k\
( 19)
S-state atoms is traceless.49 Thus, is exclusively due to 
short-range charge-overlap effects. Therefore, we repre­
sented by function,
« $ (* )  = (Aí:i + Biaj R )exp( -  a (“J r ) , (20)
where the parameters A {p“¡ , , and were determined 
using the weighted least-square method with weights expo­
nential in R.
The induction components ß [ ^  and a ^ l  were repre­
sented as sums of damped multipole expansions and expo­
nential functions representing the short-range charge-overlap 
contributions
«£}(*) (Ain“> + ßin£d)*)eXp(ind 
10
+ 2  ' f n{R-,b[^)c[aL R
n =  6
(21)
ß \ V ( R ) =  (A\£> +  B \ $ R )exp( -  a tf>R)ind 
10
+  2  ' f n{ R \b <i ¡ ) C [ % áR - n,
n =  6
(22)
where the prime on the summation symbol reminds us that 
the summation is restricted to even terms. The induction 
long-range coefficients C [a^nd and C [% á are defined as in 
Sec. Ill of Ref. 49. These coefficients were not fitted but 
computed ab initio in the same basis set and at the level of 
theory corresponding to the fitted functions a [ ^ ( R )  and 
/^ind(^)• We assumed the damping function f n( R\ b)  in the 
Tang-Toennies form ,81 cf. Eq. (19). The parameters A¡“d\
2?ind , a [“d , and b [“d , and similar parameters for ß ^ \  , were 
determined using the weighted least-square method with R6 
weights.
The analytical representations of the dispersion contribu­
tions were the same as those of the induction terms, Eqs. (21) 
and (22 ), with the induction long-range coefficients C(*-ni 
and C[^nd replaced by the dispersion long-range coefficients 
C^isp and C [% sp, defined as in Sec. Ill of Ref. 49. Again, 
these coefficients were not fitted but computed ab initio in 
the same basis set and at the level of theory corresponding to 
the fitted functions 0^ ( 7?) and ß ^ ?(R ).  Here too, the 
damping function was assumed in the Tang-Toennies form.
The comparison of the final fitted functions with the ab 
initio points on which the fits were based shows that the 
typical approximation error is of the order of 0.4%. The only 
exception is, for obvious reasons, the region where the trace 
goes through zero. The values of the parameters are reported 
in Tables I and II. Fortran subroutines for generating the 
trace and anisotropy are available from the authors at the 
electronic mail address avda@theochem.kun.nl.
and the parameters A ^  , B ^ , a ^ j , and b ff i  were deter­
mined using the weighted least-square method with R 3 
weights. One may note that the long-range coefficient 
was not fitted but computed ab initio in the same basis set 
and at the same level of theory as /3po¡.
In the multipole approximation the electrostatic contri­
bution to the interaction-induced polarizability tensor of two polarized scattered light are given by
III. OUTLINE OF DYNAMICAL CALCULATIONS
The theory of collision-induced Raman spectra is well 
understood.43,44 Below we only give a short summary. The 
laser light of wave number cu0 is scattered inelastically by 
the interacting atoms. The intensities of the depolarized and
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TABLE I. Parameters defining analytical fits to the computed electrostatic 
and exchange components of the collision-induced trace and anisotropy of 
the He2 polarizability. All parameters are in proper powers of hartree and
bohr.
a(R) ß(R)
Exchange
Electrostatics
4  («)
^exch 1 2 1 . 1 0 0
A (ß)
•^exch - 2 5 8 0 . 9 6 7
d  (a)  
exch -  8 0 . 6 6 3 B {ß)cxch - 4 4 2 . 3 4 7
n (a)a c\ch 1 .8 7 0
a (ß)
“ exch 1 .6 5 5
^cxch 9 .1 1 1 r W^cxch 2 7 6 3 . 5 2 9
ƒ )(« >
exch - 0 . 9 8 9 D (ß)exch - 1 4 6 . 7 2 8
b (a)cxch 1 .1 6 0 "exch 1 .4 8 7
A (a)^  poi -  7 4 . 0 0 3 A (ß)pol
f>\ß)
pol
“ pol*
- 9 6 . 6 3 2
D( a)
poi
J a)poi
3 2 .7 7 1 4 7 . 1 2 4
2 . 1 5 3 2 . 0 5 5
poi
\ß) 
3.pol
2 . 0 5 4
1 1 .3 7 7
D { v ) =  f i w^u>0G ( v ) ,  
P ( p )  =  co3co0A ( v ) ,
(23)
(24)
where v is the frequency shift, w =  co0 — 2 ttv/ c , and c is the 
speed of light. The frequency shift v is negative for the 
Stokes and positive for the anti-Stokes lines. The spectral 
functions of the anisotropy and trace, G( v)  and A(  v) ,  can be 
written as,
G ( v )
2 h c \ \B
(21 +  1 ) JJ'
X I d E  e - Elk°T>-J
(25)
A ( V) =
2 h c \ B
(21+ 1 ) j
00
X I d E  e ~ Etk*T 
o
bt\ {E'  j \ a ( R ) \ E , J ) \ 2, (26)
TABLE II. Parameters defining analytical fits to the computed induction and 
dispersion components of the collision-induced trace and anisotropy of the 
He2 polarizability. All parameters are in proper power of hartree and bohr.
a(R) ß(R)
Induction
Dispersion
A (a)n  ind - 4 3 . 4 4 2
A (ß)  
™ ind - 2 0 7 . 9 7 8
o ( a )
ind 2 9 . 9 6 6 1 1 6 .8 0 0
2 . 2 6 6 * \ 8 2 . 3 3 7
b l£ 'i 1 .7 8 2 b \S 1 .5 7 0
s-’ia )  
^ 6 , ind 9 . 6 5 3
r (ß)  
^  6, ind 1 4 .3 4 5
r ^ ( a)
u 8.ind 4 2 . 1 1 8 M ß )^  8,ind 5 0 .5 4 1
r ,(<x)
C 10,ind 3 3 4 . 0 2 1 M ß )u  10,ind 3 5 7 . 8 8 0
A (a)
disp
p ( a )
"disp
disp
t,(ar)
”  disp
è.disp
/'-’(a)
U S.disp 
/ ^ ( a )
10,disp
- 2 . 3 6 0 A (ß)^disp - 6 . 1 4 5
1 .8 3 6
1 .6 0 4
B (ß)
"disp
a (ß)
^disp
3 . 3 2 9
1 .6 4 9
1 .2 4 6
2 3 . 2 0 5
3 5 6 . 1 6 5
9 6 6 . 4 9 7
h (ß)
"disp
M ß )
^ 6 , disp
C (ß)
8, disp
Mß>u  10,disp
1 .7 0 9
1 3 .5 0 4
6 4 6 . 9 4 7
- 6 2 1 3 . 6 9 5
where E ' —E =  hv ,  J'  = 7 ,J ± 2 , h is the Planck constant, 
kB is the Boltzmann constant, T denotes the temperature, 
\ B= ( h 2/27TjbLkBT ) 112 is the de Broglie wavelength, ¡jl is the
reduced mass of the collisional complex, and I and g j  des­
ignate the nuclear spin and nuclear spin statistical weight,
respectively. The constants b Jt are given by
J' J 2
82,83
bJj ,  =  (2J '  + 1) n 0 0 (27)
84where the expression in round brackets is a 3j  symbol. 
Finally, the matrix elements of the trace and anisotropy ap­
pearing in Eqs. (25) and (26) are defined as,
( E ' , J ' \ X ( R ) \ E , J )
=  t j / *(R;E' ,J' )X(R) tp(R- ,E, J)dR,  X = a  or ß ,
(28)
where the radial wave functions i//(R‘, E, J)  are solutions of
the radial Schrödinger equation describing the relative mo­
tion of the atoms in the potential V(R) ,
h 2 d 2i¡j 
~2~i± 'dR2
+ V(R)  +
ñ 2J ( J +  1) 
2 ijlR 2
E (29)
subject to the energy normalization condition,
i f ( R \ E ,  J)  if/( R\ E' ,  J ) d R = S ( E - E r). (30)
Note that in Eqs. (25) and (26) we neglected transitions from 
a bound state to a continuum state, and vice versa. Numerical 
results reported in Refs. 44 and 6 show that even for heavier 
rare gas pairs these transitions contribute usually less than 
2% of the total intensity at any frequency shift. Since the He 
dimer is bound by 1.684 mK (Ref. 47) only, the contribution 
from bound-to-free and free-to-bound transitions at T — 296 
K should be even smaller. One may also note that the invari­
ants of the interaction-induced polarizability tensor appear­
ing in Eqs. (25) and (26) should be taken at the laser wave 
number w0 . We have checked (cf. Sec. IV A for the discus­
sion of this point) that the dependence of a ( R )  and ß ( R )  on 
o)0 is very weak. Consequently, in the computations of the 
Raman spectra we used the static polarizability invariants 
from SAPT calculations.
The polarized and depolarized Raman intensities on the 
Stokes side were generated for the frequency shifts ranging 
from v 
10 cm
mm 
-1
400 cm 1 to y 10 cm 1 with a step ofmax
The Schrödinger equation (29) was solved using 
the Numerov method. The calculations were done with the 
BCONT program of Le Roy85,86 adapted for the present pur­
poses. The integration parameters, and the number of partial 
wave components were chosen to yield spectral functions of 
the anisotropy and trace converged to 3% at worst. In all 
calculations we have used the empirical H e-H e potential of 
Aziz et al.41 The mass of 4He was fixed at 4.002 60 a.m.u.87
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TABLE III. Comparison of the interaction-induced trace and anisotropy of He2 computed by SAPT with the 
FCI'results (in 10“ 3 a.u.). All results were computed in the [5s3p2d]  basis.
R = 3 bohr R = 4 bohr /? =  5 bohr R = 8 bohr
a(R) ß(R) q(/?) ß(R) a(R) ß(R) ß(R)
SAPT -130.034 175.693 -34.037 110.519 -5 .439 78.365 22.368
FCI -133.327 171.826 -34 .262 111.912 -5 .343 79.766 22.738
Aa -2 .47% 2.25% -0.66% -1 .24% -1 .80% -1 .76% 1.63%
aRelative error of the SAPT result with respect to the FCI result.
IV. NUMERICAL RESULTS
A. Interaction-induced polarizability of the He dimer
The residual error in the computed collision-induced po­
larizabilities is due to two sources: the neglect of higher- 
order terms in the SAPT expansion, and deficiencies of the 
basis set used in the calculations. Table III compares the 
interaction-induced trace and anisotropy computed at the full 
Cl level with the SAPT results in the same basis set. For 
each of the distances considered in this table, SAPT repro­
duces the full Cl results to within 3%. The only exception is 
the trace for R ^ 6  bohr but in this region of R the trace is 
very small and does not contribute to the polarized Raman 
intensities. 19 Although these calculations were done in the 
small s p d  basis, we expect the error to be largely indepen­
dent of the basis set. It is reasonable then to assume that the 
effect of the truncation of the perturbation series on the com­
puted interaction-induced polarizability invariants is smaller 
than 3%.  It is worth noting that a similar estimate of the 
convergence rate of the SAPT expansion for the interaction 
potential of He2 has been recently reported.88
The remaining errors are due to the basis set unsatura­
tion. An examination of the basis set convergence presented 
in Table IV shows that the results in the s p d f  basis are 
probably converged to within 2% or better. The extension of 
the basis set from the s p d  to s p d f  quality improved the 
results by 1% on the average (the only exception is the trace 
for R =  5 bohr, which changed by 7%). The next increase of 
the basis, i.e., the addition of a basis function of g symmetry, 
led only to changes smaller than 0 .1% (again an exception is 
the trace for R =  5 bohr, here the change amounts to 0.7%). 
Finally, an extension of the s p d f  g basis with additional ba­
sis functions of s, p ,  d , and ƒ  symmetry changes the results 
by less than 2%. Certainly some of the errors discussed 
above will mutually cancel, so it is safe to assume that our
TABLE IV. Basis set dependence of the interaction-induced trace and an­
isotropy of He2. All results are in 10-3 a.u.
R = 3 bohr R = 4 bohr R = 5 bohr
a(R) ß(R) a(R) ß(R) a(R)  ß(R)
[5s3p2d] -130 .034 175.696 -34 .037 110.519 -5 .4 3 9 78.365
[5s4p3d2f ] -128 .438 178.350 -32 .984 111.930 -5 .0 9 6 78.791
[ 5 s 4 p 3 d 2 f \ g] -128 .564 178.321 -32.971 111.864 -5 .063 78.742
[ 7 s 5 p 4 d 3 f \ g ] -125 .975 180.934 -32 .393 112.856 -4 .938 78.810
results for the interaction-induced trace and anisotropy have 
an error of at most 5%.
In Table V we summarize the results of SAPT calcula­
tions, while in Figs. 1 and 2 we illustrate the behavior of the 
trace and anisotropy with the interatomic separation. For all 
distances the interaction-induced anisotropy is positive, and 
it decays slowly with R.  The trace is much smaller because 
of the large cancellations involved. At short and intermediate 
distances the trace is negative. The sign change occurs at 
larger distances, where the trace itself is negligibly small. It 
is interesting to note that both the anisotropy and the trace 
result from a balance of the positive and negative contribu­
tions. For example, for /? ^ 5  bohr a { R )  represents about 
50% of the negative exchange contribution a cxch(R) ,  and is 
approximately equal to the sum of the positive components, 
ap¡)¡(/?) +  a[n2d)(/?) +  a'^s)p(/?). See also Ref. 49 for a more 
detailed discussion of this point. Also presented in Figs. 1 
and 2 are the interaction-induced trace and anisotropy, as 
computed by Dacre39 at the CISD level (including the size- 
consistency correction). In general the agreement between 
the two calculations is good. The largest difference in the 
anisotropy amounts to 2% at R =  3 bohr, while the same 
number for the trace is 7% at R =  5 bohr. The only exception 
is the trace at distances larger than R =  5 bohr. Since in this 
region of R the trace is very small this disagreement is prob­
ably due to some numerical inaccuracies of the CISD calcu­
lations.
As discussed in Sec. Ill, the invariants of the interaction- 
induced polarizability tensor that enter the expression for the 
Raman intensities should be taken at the laser wavelength 
\  (corresponding to the wave number ¿o0). Our the SAPT
TABLE V. Interaction-induced trace and anisotropy of He2 (in 10 3 a.u.) as 
function of the interatomic distance R (in bohr).
R a(R) ß(R)
3.0 -  128.438 178.350
3.5 -  69.903 132.262
4.0 -3 2 .9 8 4 111.930
4.5 -  13.801 95.118
5.0 -5 .0 9 6 78.791
5.6 -1 .131 61.138
6.0 -0 .2 2 0 51.287
7.0 0.189 33.296
8.0 0.166 22.366
10.0 0.022 11.416
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R ( b o h r )
FIG. 1. Trace polarizability a( R)  of He2 (in 10~3 a.u.) as function of the 
interatomic separation R (in bohr). Full line represents the SAPT trace po­
larizability, while the dashed line shows the ab initio CISD results of Dacre 
(Ref. 39) corrected for the size-consistency error.
calculations were done at \  =  oo, and it is not a priori obvi­
o us  whether a { R )  and ß ( R )  at the laser wavelength 
\  = 5145 Â would not change considerably. To investigate 
this point we have checked the importance of the X depen­
d e n c e  of a ( R )  and ß ( R )  using the supermolecule RPA and 
M P 2  approaches. Although the RPA and MP2 levels of the 
t h e o r y  are not expected to give very accurate results, the 
comparison of the polarizability invariants at \  =  o° and 
\  = 5145 Á will give an estimate of the X dependence. The 
r e s u l t s  of these additional calculations are reported in Table 
VI. As expected, the differences between the static and dy-
R (bo/ i r )
FIG. 2. Anisotropy ß ( R)  of He2 (in 10 3 a.u.) as function of the inter­
atomic separation R (in bohr). Full line represents the SAPT anisotropy, 
while the dashed line shows the ab initio CISD results of Dacre (Ref. 39) 
corrected for the size-consistency error.
TABLE VI. Wavelength dependence of the interaction-induced trace and 
anisotropy of He2 (in 10“ 3 a.u.) computed using the supermolecule RPA 
and MP2 methods for selected interatomic distances R (in bohr).
R X cxr?\ \ \ R ) ß RP\ \ \ R ) a MP2( \ \ R ) /3MP2(\;Z?)
3.0 00 -  129.3 154.1 -1 2 8 .0 156.8
5145 Â -  131.7 155.8 -1 3 0 .3 158.5
4.0 OC -3 4 .6 98.3 -3 3 .4 99.8
5145 Â -3 5 .4 99.2 -3 4 .2 100.7
5.0 OC - 6 .5 70.4 - 5 .8 71.2
5145 À - 6 .7 71.3 - 6 .0 72.1
namic trace and anisotropy polarizabilities are small, and do 
not strongly depend on the interatomic distance. Hence, ap­
proximating ß ( R )  and a ( R )  in Eqs. (25) and (26) by their 
static values appears to be justified.
B. Collision-induced Raman spectrum of the helium 
diatom
In Table VII we summarize the results of quantum- 
dynamical calculations of the binary Raman spectra for the 
He diatom (see also Figs. 3 and 4 for graphical illustrations). 
An inspection of Table VII and Fig. 3 shows that the agree­
ment of the theoretical depolarized Raman intensities with 
the results of measurements19 is satisfactory. Most of the 
intensities agree within 3% or better. Only at very low and
TABLE VII. Comparison of the computed and measured depolarized and 
polarized Raman intensities (in 10-58 cm6) of 4He2 as function of the fre­
quency shift (in cm -1 ) at 296 K.
D{v)  P{v)
V Observed, Ref. 19 Computed Observed, Ref. 19 Computed3
- 3 0 37.0 42.6 1.94 1.29(1.43)
- 5 0 25.7 29.3 1.32 1.30(1.44)
- 7 0 17.5 18.7 1.28(1.41)
- 9 0 11.8 12.2 1.22(1.35)
- 1 0 0 9.62 9.90 1.18 1.19(1.31)
-1 1 0 7.84 8.05 1.27 1.15(1.27)
-1 2 0 6.40 6.56 1.34 1.11(1.23)
-1 3 0 5.25 5.36 1.37 1.07(1.18)
-1 4 0 4.31 4.39 1.41 1.03(1.13)
- 1 5 0 3.56 3.60 1.42 0.99(1.08)
-1 6 0 2.93 2.96 1.45 0.94(1.03)
- 1 7 0 2.42 2.44 1.48 0.90(0.98)
-1 8 0 1.99 2.01 1.53 0.85(0.94)
-1 9 0 1.68 1.66 1.52 0.81(0.89)
-2 0 0 1.42 1.38 1.52 0.77(0.84)
-2 1 0 1.22 1.14 1.51 0.73(0.79)
- 2 2 0 1.05 0.948 1.50 0.68(0.75)
-2 3 0 0.899 0.789 1.48 0.65(0.71)
- 2 4 0 0.762 0.657 1.44 0.61(0.67)
- 2 5 0 0.649 0.549 1.38 0.57(0.63)
-2 6 0 0.548 0.459 1.32 0.54(0.59)
-2 7 0 0.464 0.384 1.24 0.50(0.55)
- 2 8 0 0.385 0.322 1.15 0.47(0.52)
-2 9 0 0.318 0.270 1.07 0.44(0.49)
-3 0 0 0.259 0.227 0.99 0.42(0.45)
aIn parentheses, polarized Raman intensities computed from the scaled po­
larizability trace.
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FIG. 3. Comparison of the theoretical and experimental depolarized spectra 
for the 4He diatom. The experimental data are represented by circles.
high frequency shifts this good agreement deteriorates some­
what. Still, the predicted intensities at high frequencies are 
within the experimental error bars [the estimated experimen­
tal uncertainty is 6 % for the frequency shifts below —150 
cm “ \  10% at — 220 cm -  1, up to 35% at — 300 cm -  1 (Refs. 
19 and 46)]. At very low frequencies the theoretical results 
are outside the experimental error bars. However, since the 
depolarized intensities depend on the square of the anisot­
ropy, these discrepancies (of the order of 14%) are consistent 
with the estimated 5% error in our SAPT calculations, com-
2 -
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FIG. 4. Comparison of the theoretical and experimental polarized spectra 
for the 4He diatom. The solid and dashed lines represent polarized intensi­
ties generated from the ab initio and scaled trace polarizabilities, respec­
tively. The experimental data are represented by circles.
bined with the 3% error in the quantum-dynamical calcula­
tions, and the 2% error due to the neglect of the X depen­
dence of ß ( R ) .
The theoretical polarized Raman intensities agree with 
the experiment within the large (±50%  —60%) experimen­
tal error bars over a wide range of the frequency shifts. Ex­
cept for the low frequency region, the predicted polarized 
spectrum is less intense (from 30% at v =  — 150 cm -1 to 
58% at v — 300 cm -1 ). This level of agreement between 
theory and experiment is not in contradiction with our esti­
mated 5% accuracy of the interaction-induced trace polariz­
ability, but further checks both on the theoretical and the 
experimental sides are visibly needed.
As discussed in the previous section, our estimate of the 
convergence rate of the SAPT expansion for the interaction- 
induced trace polarizability of He2 is similar to the conver­
gence rate of the perturbation series for the interaction 
potential.88 The results of Ref. 88 suggest that the 5% inac­
curacy in the present SAPT calculations may be partly due to 
the neglect of higher-order intra-atomic correlation contribu­
tions to the exchange energy. Indeed, the total exchange con­
tribution to the He2 interaction potential as computed from 
the present SAPT anscitz is underestimated by 2.5%. We 
repeated the dynamical calculations using a trace polarizabil­
ity in which the exchange contribution, Eq. (16), was in­
creased by 2.5%. The resulting polarized intensities are re­
ported in Table VII in parentheses (see also Fig. 4). In 
general the agreement with the experimental results is some­
what better: This scaling increases the polarized intensities 
by ~ 7 % -1 0 % , and reduces the discrepancy with the ex­
periment from 30% to 24% at y =  — 150 cm - 1 , and from 
59% to 54% at —250 cm - 1 .
The scaling of the exchange contribution to the 
interaction-induced trace polarizability of He2 does not sub­
stantially improve the agreement between the theoretical and 
experimental polarized spectra. It is also worth noting that 
our results for the depolarized and polarized Raman intensi­
ties are in good agreement with those generated from 
Dacre’s polarizability invariants.46 Both these observations 
suggest that the theoretical results are rather well converged. 
We estimate that the error in our polarized intensities is con­
siderably smaller than the experimental error of 50% to 60%, 
so that the improvement of the agreement between theory 
and experiment for these intensities should mainly come 
from the experimental side.
V. SECOND DIELECTRIC VIRIAL COEFFICIENT OF
He2
Using our ab initio interaction-induced trace data and the 
accurate empirical potential47 we have computed the second 
dielectric virial coefficient over the range of temperatures in 
which it has been measured (4 K =^7^  323 k ).20-24,26,28 30
At high temperatures the second dielectric virial coeffi­
cient is given by the standard classical expression,89
8 tt2n I
3
a { R ) e x p { - V { R ) / k BT ) R 2 d R ,
(31)
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TABLE VIII. Comparison of the computed and measured second dielectric virial coefficients of 4He (in 
cm6 mol-2 ) at various temperatures (in K).
T B{6° \T ) B[]\ T ) B {e2)(T) B e(T) Experiment Aa Ref.
3.799 -0.0961 0.89( +  0) -0.88( +  1) -7.9723 -0.023 ?• 21b
4.220 -0.0739 0.58( +  0) -0.49( +  1) -4.3714 0.084 ±0.026 26b
7.199 -0.0288 0.95( — 1) -0.39( +  0) -0.3212 -0.037 ±0.026 26b
13.804 -0.0178 0.20(— 1) -0 .3 7 (— 1) -0.0345 -0.010 ±0.026 26b
20.271 -0.0170 0.98( —2) —0.12( — 1) -0.0189 -0.063 ±0.010 26b
27.098 -0.0178 0.62( —2) -0.54( —2) -0.0170 -0.089 ±0.026 26b
11A -0.0278 0.17( — 2) -0.49( —3) -0.0265 -0.02 ±0.02 29c
242.95 -0.0527 0.63( — 3) -0.55( —4) -0.0522 -0.07 ±0.01 29c
298.15 -0.0591 0.54( — 3) -0.38( —4) -0.0587 - 0.11 ±0.02 23b
-0.08 ±0.01 to 4^ C
T
303.0 -0.0597 0.54( — 3) -0.37( —4) -0.0592 -0.059 ±  0.009 22°
-0.06 ±0.01 30°
322.15 -0.0617 0.51 ( -  3) -0.33( —4) -0.0613 -0.06 ±0.04 20b
323.0 -0.0618 0.51 ( — 3) -0.33( —4) -0.0614 -0.068 ±0.01 28c
323.15 -0.0618 0.51 ( — 3) - 0 .3 3 ( - 4 ) -0.0614 -0.07 ±0.01 29c
Experimental error bars.
bExperimental data from direct measurements.
Experimental data from indirect measurements.
w h e r e  N 0 is the Avogadro constant. At lower temperatures 
q u a n t u m  corrections may become important. The semiclassi- 
cal expansion of the second dielectric virial coefficient as a 
p o w e r  series in h 2 has been considered in Refs. 90 and 91. 
Ely and McQuarrie90 derived an expression for the leading 
q u a n t u m  correction and applied it in calculations
for a  Lennard-Jones gas with the interaction-induced trace 
from the simple dipole-induced-dipole model. They con­
c lu d e d  that at low temperatures the first quantum correction 
was very important and represented as much as 53%, 25%, 
and 13% of the classical term at T =  15.33, 25.55, and 40.88 
K. respectively. To our knowledge, approximate quantum 
calculations have been only reported by Fortune et al.91 Un­
fortunately, these authors restricted their work to a single 
temperature, and did not compare the quantum results with 
the (semi)classical results.
In the present work we report a more systematic study of 
the importance of the quantum corrections by considering 
also the second-order terms, and using a realistic representa­
tion of the interaction-induced trace and the interaction po­
tential for He2 . We approximated B e(T)  as,
B 6(T)  =  B[0\ T )  +  B {¿ \ T )  +  B {? \ T ), (32)
i.e., we computed the classical term B {€0)( T ), and included 
quantum corrections of the order h 2 and h 4 [denoted by 
B{€])(T)  and B [2\ T ) ,  respectively]. The classical term 
B[{e]\ T )  is given by Eq. (31), while the first quantum correc­
tion to B {^ \ T )  can be written as,
7T2h 2N l0
2^29 jmkßT
exp ( ~ V ( R ) / k BT)
X
a ( R ) l d V )  
k BT [ d R j
2
d V d a
dR d R
R dR. (33)
our knowledge the explicit formula for the second quan­
tum correction to the dielectric virial coefficient has not been
reported in the literature thus far. The derivation is based on 
the relation between the pressure virial coefficient of the gas 
in a uniform static electric field and the dielectric virial 
coefficient.92,93 The resulting expression for B (2\ T )  is some­
what more involved, and can be written as,
b [2\ t ) =
tT2h 4N 20 
\%0¡üL2k 3BT3
exp ( - V ( R ) / k BT)
X
a ( R )
k BT f W  +  g ( R)
R 2 d R , (34)
where the functions ƒ (R)  and g ( R )  are given by
f ( R )
l d 2V
\ dR
+
2 l d V \
R 2 d R )
10 1 /
+
9 k BT R \
d V
dR
5
36 k 2BT2
( d V
[d R
(35)
g ( R) 2
10 1 I d V V d ad 2V d 2a  4 d V  d a  
d R 2 d R 2 ~ R 2 ' d R d R ~  3 k BT R \ d R ¡  dR
5 d V V d a
+
9 k 2 T2 \ d R l  d R '
(36)
The integration over R has been done in the range from 
R =  3 bohr to R =  100 bohr using a composite Simpson rule. 
In the inner region ( R <  3 bohr) the function exp(—V/kT) is 
effectively zero, while in the outer region, R > \ 0 0  bohr, all 
contributions are negligibly small. The number of radial 
points was N = 2 n~ 1 + 1. We increased n by 1 in each itera­
tion and stopped when the relative error was smaller than 
10- 6 . We checked that our results are stable against changes 
in the boundaries and/or integration parameters.
The results of our calculations, presented in Table VIII 
and Fig. 5, are compared with the available experimental 
data.20-24,26,28-30 Also presented in this table is the classical
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T (K)
FIG. 5. Comparison of the ab initio and experimental second dielectric 
virial coefficients of 4He at various temperatures. The solid line represents 
the second dielectric virial coefficients generated from the ab initio SAPT 
polarizability trace, and the empirical potential of Ref. 47. Crosses label the 
indirect measurements from Refs. 22, 28-30, open circles the measurements 
from Ref. 20, and filled squares represent experimental data from Refs. 23 
and 24.
dielectric virial coefficient computed with the aid of Eq. (31), 
and the first, and second quantum corrections. An inspection 
of Table VIII shows that the quantum effects are very small 
for temperatures larger than 70 K, and B e(T)  can be effi­
ciently computed from the classical expression. At lower 
temperatures the dielectric virial coefficient of the 4He gas 
starts to deviate from the classical value, and at very low 
temperatures the semiclassical expansion of the second di­
electric virial coefficient in powers of h 2 clearly diverges.
At high temperatures our results agree well with the data 
from indirect measurements.22,28-30 The only exception is the 
value at T =  242.95 K. Here the theoretical result is slightly 
outside the experimental error bars. The agreement with the 
results of direct measurements20,23,24 is less satisfactory. The 
present ab initio results agree very well with the old experi­
mental data of Orcutt and Cole,20 and disagree with the data 
of Vidal and Lallemand.23,24 Since our results agree with the 
majority of the high-temperature experimental data, and 
since the second dielectric virial coefficient changes very 
slowly with temperature, it is very likely that the results of 
direct measurements reported by Vidal and Lallemand24 are 
contaminated by nonadditive three-body effects.
At low temperatures the situation is more complex. Our 
result at 77.4 K agrees very well with the value from indirect 
measurements reported by Huot and Bose .29 Other low tem­
perature experimental data21,26 cannot be compared with our 
theoretical values due to the divergence of the semiclassical 
expansion, and full quantum calculations are needed. Work 
in this direction is in progress.93
VI. SUMMARY AND CONCLUSIONS
Symmetry-adapted perturbation theory has been applied 
to compute the invariants of the interaction-induced polariz­
ability for the He diatom. The accuracy of the computed 
response properties has been checked by comparison with 
benchmark full Cl results, and by extensive studies of the 
basis set convergence. We have estimated that the present 
SAPT results for the interaction-induced trace and anisotropy 
of He2 should be accurate to about 5%.
Using the computed trace and anisotropy we have per­
formed converged quantum-dynamical calculations of the 
depolarized and polarized binary Raman spectra. The pre­
dicted depolarized intensities are in good agreement with the 
experimental data19 over a wide range of the frequency 
shifts. The agreement between theory and experiment for the 
polarized spectrum is within the experimental error bars, al­
though the theoretical spectrum is less intense than the ex­
perimental one. The analysis of the accuracy of the present 
calculations suggests that the error in the predicted polarized 
intensities is much smaller than the experimental error bars, 
so the improvement of agreement between theory and ex­
periment must mainly come from the experimental side.
Further checks of the accuracy of the computed trace 
polarizability have been performed by computing the second 
dielectric virial coefficients (including first and second quan­
tum corrections) at various temperatures and by comparing 
with the available experimental data.20-24,26,28-30 Our results 
agree well with the majority of the high-temperature experi­
mental data. The low temperature experimental results of 
Kerr and Sherman,21 and Gugan and Michel26 could not be 
used to assess the accuracy of the computed trace polariz­
ability due to the divergence of the semiclassical expansion.
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